Regularity and comparison results in grand Sobolev spaces for parabolic equations with measure data  by Fiorenza, A. et al.
Appw 
Mathematics 
Letters 
Applied Mathematics Letters 14 (2001) 979-981 
www.elsevier.nl/locate/aml 
Regularity and Comparison Results 
in Grand Sobolev Spaces for 
Parabolic Equations with Measure Data 
A. FIORENZA* 
Dipartimento di Costruzioni e Metodi Matematici in Architettura 
Universits di Napoli “Federico II”, via Monteoliveto, 3, I-80134 Napoli, Italy 
fiorenzaQunina.it 
A. MERCALDO* 
Dipartimento di Matematica e Applicazioni “R. Caccioppoli” 
Universitd di Napoli “Federico II”, Complesso Monte S. Angelo 
via Cintia, I-80126 Napoli, Italy 
mercaldo@matna%.dma.unina.it 
J. M. RAKOTOSON 
Laboratoire d’Applications des Mathbmatiques 
Teleport 2 DBpartement de Mathhmatiques, Universite de Poitiers, B.P. 30179 
86962 Futuroscope Chasseneuil cedex, fiance 
rako@mathlabo.univ-poitiers.fr 
(Received and accepted October 2000) 
Communicated by R. Temam 
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1. INTRODUCTION 
Let 52 be an open bounded set of RN, with smooth boundary and T > 0. We shall define the 
following spaces called Grand Lebesgue spaces: 
with norm 
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We shall denote by 
w,tN’(52) = {u E #J(0) : p7ul E LN’(51)). 
As for the usual Sobolev spaces for time depending functions, we shall consider the following 
Grand Sobolev spaces: 
LN) 0, T; W;‘N) 
( 
(0)) , iN’) (0,T; W-l,N’)(R)) , $ + +, = 1, 
where W-1yN’)(51) denotes the space defined by 
i 
T E n W-13q(Cl): sup E’I(~‘-‘~‘)ITI~_‘,N’_~N’ < +co . 
l<q<N' 0<&<1/(2N') i 
We shall set Q = (0, T) x R, CT = (0, T) x Xl. Let 6 be a Caratheodory map 6: 0 x RN + RN 
satisfying the following growth, for a.e. 2 E R, < E RN, c’ E IWN: 
[%, C) - w, r’,l[s - <‘I L 4c - <‘IN, a > 0, 
Iqcc)l 2 aolEIN-l +a17 Ui > 0, ai ER. 
Let /J E L1(O, T; M(a)), uo E M(a), where M(0) is the set of bounded Radon measures on R. 
We shall consider a solution u (when it exists) of 
( 
&u - div(h(z, Vu)) = CL, in D’(Q), 
qw4a) u E LN) ( 0, T; W,IYN’ R ( ))> 
u(0) = ug. 
Existence of solution of P(,,,+a) have been proven in [6,8] in the usual Sobolev spaces. To 
guarantee the existence in the Grand Sobolev spaces, we shall assume more regularity on uc 
and p (see Theorem 2.2 below). 
In the detailed paper [9], we shall complete the results that we state here for a more general 
structure. 
2. MAIN RESULTS 
THEOREM 2.1. Let ,LL E LN’)(O, T; M(R)) and u a solution of PcUO,Il,a). Then 
&u E LN’) 0,T; W-lqN’) 0 
( ( )). 
Moreover, if u E LQ(N-l)(O, T; Wi’N’(R)) and /_L E LQ(0, T; M(a)), 1 2 q 5 +oo, then 
&u E Lq (0,T; W-l’N’)(fl)) 
A regularity result for a solution u obtained by approximation holds true. Indeed, we have the 
following. 
THEOREM 2.2. Suppose that there exists a sequence u, E LN(O,T; WiYN(Q)), 
. 
uo?l, ik, aTI 
such that u, is a solution of P(,,,,,p,,,,a,) converging to a function u in Ll(O,T; Wan’). If 
p E LN’)(O, T; M(0)) (respectively, Lq(O, T; M(R))) and 3 tu, remains in a bounded set of 
LN’)(O, T; M(R)) (respectively LQ(0, T; AI(fi then u E LN)(O, T; W,“N’(R)) (respectively 
u E Lq(N-l)(O, T; W,17N)(s2)). 
The sequence (u,), exists, for instance, for the operator N-Laplacian and u. smooth. 
A regularity of the difference of two solutions can be also obtained; for instance, one has the 
following. 
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THEOREM 2.3. If (u,v) are two solutions of P(2L,,rLL,d) and &zl (respectively, &w) is in Ll(O,T; 
~(~)) + LN’(O, T; W- lsN’(f2)), then Tk(u - v) E LN(O,T; W~yN(s2)) with Tk(a) = (1/2){\k ) 
i.71 - lk - crl), i7 E IR. 
The following theorem that we will state is a comparison theorem. 
THEOREM 2.4. Let (u, w) be two sokrtions of I&+,~) with 210 E L’(0). If&u ~r~pective~y, 8,~) 
is in L1(Q) + LN’(O,T; W-l~N’(Q)), then u = 2r. 
Uniqueness theorem will be also given in [9]; for instance, we can show the following result. 
THEOREM 2.5. Assume that G(z,e) = A(z)& with A a bounded coercive matrix. Then there is 
at most one solution u of Pf,,+,a) whenever WJ f M(Q), or. E L1(O, T; M(S1)). 
1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 
REFERENCES 
A. Fiorenza and C. Sbordone, Existence and uniqueness results for solutions of nonlinear equations with right 
hand side in L1, Stvdia Mcath. 127 (3), 223-231, (1998). 
L. Greco, T. Iwaniec and C. Sbordone, Inverting the p-harmonic operator, Manuscripta Math. 92, 249-258, 
(1997). 
A. Miranville, G. Pietrus and J.M. Rakotoson, Equivalence of formulations and uniqueness in a T-set for 
quasilinear equations with measures as data, No&near Anal. T.M.A. (to appear). 
A. Ferone, B. Jalal, J.M. Rakotoson and R. Volpicelli, Some refinements of the Hodge decomposition and 
applications to Neumann problems and uniqueness, Adv. Math. Sea. Appl. (to appear). 
A. Ferone, B. Jalal, J.M. Rakotoson and R. Volpicelli, Some refinements of the Hodge d~omposition and 
applications, Appt. Math. L&t. 14 (l), 75-79, (2001). 
L. Boccardo and T. Gallouet, Nonlinear elliptic and parabolic equations involving measure data, J. finct. 
Anal. 87, (1989). 
J.M. Rakotoson, A compactness lemma for quasilinear problems: Application to parabolic ~uations, 
J. Funct. Anal. 106, 1163-1175, (1991). 
J.M. Rakotoson, T-sets and relaxed solutions for parabolic equations, J. DZfi. Eq. 111, 458-471, (1994). 
A. Fiorenza, A. Mercaldo and J.M. Rakotoson, Uniqueness and regularity in Grand Sobolev spaces for measure 
data parabolic equations, (submitt~). 
